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ANALYSIS OF SPANWISE TEMPERATURE DISTRIBUTION IN THREE TYPES OF 

AIR-COOLED TURBINE BLADE 

By John N. B. Liyingood and W. Byron Brown 


SUMMARY 

Methods jor computing spanwise blade-temperature distri- 
butions are derived for air-cooled hollow blades, air-cooled 
hollow blades with inserts, and air-cooled blades containing 
internal cooling fins. Individual and combined effects 
on spanwise blade-temperature distributions of cooling-air- 
temperature change due to heat transfer and rotation, radiation, 
and radial heat conduction are determined. In general, 
the effects of radiation and radial heat conduction were found 
to be small and the omission of these variations permitted the 
construction of nondime nsional charts for use in determining 
spanwise temperature distributions through air-cooled turbine 
blades. 

An approximate method for determining the allowable stress- 
limited blade-temperature distribution is included, with brief 
accounts of a method for determining the maximum allowable 
effective gas temperatures and the cooling-air reguirements. 
Numerical examples that illustrate the use of the various 
temperature-distribution equations and of the nondimensional 
charts are also included. 

INTRODUCTION 




One of tiie most important limitations imposed on the 
design and the performance of aircraft gas-turbine power 
plants is the strength of the turbine materials; this strength 
decreases as the temperature increases. Turbine cooling 
offers the possibility of removing this limitation, even with 
the use of nonstrategic materials. Because of its relative 
simplicity, the passing of air radially through the turbine 
has been the subject of considerable investigation. 

Theoretical and experimental studies made independently 
in Germany, England, and the United States showed that 
the circulation of cool air through hollow blades (fig. 1(a)) 
would allow the blades to operate several hundred degrees 
below the effective gas temperature. Experiments with 
inserts showed further that the required amount of cooling 
air could be considerably reduced if an insert (fig. 1(b)) 
was used to block off the central part of the hollow-blade 
air passage. 

Knowledge of the temperature distribution through a 
turbine of known design and operating conditions is impor- 
tant. The predominant temperature gradients for air- 
cooled blades are radial in. direction. An analytical investi- 



(a) Hollow blade. 

(b) Insect blade. 

Cc) Finned blade. 

Figure i.— C ooling-passage configurations for air-cooled turbine blades. 


gation of this distribution was completed in 1949 at the 
NACA Lewis laboratory and is reported herein. 

A one-dimensional spanwise equation for blade-temperature 
distribution is derived for an air-cooled blade with an 
insert; allowance is made in this equation for changes in 
cooling-air temperature due to heat transfer and rotation, 
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radiation, and radial heat conduction through the blade 
metal. Modifications are made to adapt the equation to the 
calculation of temperature distribution in hollow blades and 
in hollow blades with internal cooling fins. 

The relative importance of the terms due to rotation, 
radiation, and radial heat conduction is evaluated by omitting 
the last three factors of the spanwise equation, one at a time. 
A number of simplified solutions, which are adequate for 
many purposes, are thereby obtained. These simplified solu- 
tions permit the use of nondimensional charts, which give 
the temperature distribution with a minimum of calculation 
in all cases where radiation and radial conduction can be 
neglected. 

An approximate method for determining the allowable 
stress-limited blade-temperature distribution is also pre- 
sented and is used with the calculated blade-temperature 
distribution to find the maximum allowable effective gas 
temperature and the cooling-air requirements. 

Finally, numerical illustrations are given, both of the com- 
plete solution and of the simplified solutions where the charts 
can be used. These numerical results also clarify the relative 
values of the different terms and in many cases justify in 
part the omission of some. 

ANALYSIS 

This investigation is limited to one-dimensional spanwise 
blade-temperature distributions through air-cooled blades 
having the three different general air-passage configurations, 
as shown in figure 1. Because of this restriction to spanwise 
investigations, application of the temperature-distribution 
equations that are derived herein is also limited. For metals 
with low thermal conductivities, such as the high-temperature 
alloys now in use, the results are valid for wall thicknesses 
not exceeding about 0.15 inch. This condition can easily 
be met in the central part of the blade, but cannot easily be 
satisfied at the leading and trailing edges of current con- 
figurations. Because the leading-edge outside heat-transfer 
coefficient varies as the reciprocal of the square root of the 
square root of the leading-edge radius, the chordwise temper- 
ature distributions must be separately investigated when the 
leading-edge radius is small. Use of auxiliary methods for 
augmenting the cooling of the leading and trailing sections 
must also be separately investigated. Because the temper- 
ature gradients throughout the greater part of the blade are 
essentially radial, knowledge of the radial temperature dis- 
tribution provides a reasonably accurate indication of the 
blade temperatures. 

An equation for the spanwise blade-metal temperature 
distribution is derived for an air-cooled blade with an insert, 
with allowance for cooling-air-temperature change due to 
heat transfer and rotation, radiation, and radial heat conduc- 
tion. Because calculations show that some of these effects 
are of minor importance, simplified spanwise-temperature- 


distribution equations may be obtained by neglecting some 
of these factors. The results are presented as cases I to V, 
and the modifications in the equations necessary to make 
each applicable to hollow blades and hollow blades with 
internal fins are noted. 


ASSUMPTIONS 

In order to obtain a spanwise blade-metal temperature 
distribution (case I), the following assumptions are made: 

1. The variations in area, perimeter, and thermal con- 
ductivity are negligible over the blade span. 

2. The outside and inside heat-transfer coefficients are 
constant over the blade outer and inner surfaces, respectively. 

3. The effective gas temperature is constant over the blade 
outer surface. 

4. The only surfaces external to the rotor that radiate 
heat to the blades are the turbine nozzles. 

5. The turbine nozzles are at a temperature equal to the 
effective gas temperature relative to the rotor blades. For 
cooled nozzles, this temperature is high; for uucooled nozzles, 
this temperature is low. 

6. The radiation coefficients for nozzle, blade, and insert 
surfaces remain constant at mean values over the blade span. 

Assumptions 1 and 2 can be eliminated only if numerical 
solutions are determined. Calculations that were made 
revealed that when the factors in assumptions 1 and 2 are 
permitted to vary and numerical solutions are used, very 
little difference in the spanwise blade-temperature distribu- 
tion results. Because of these results and of the greater 
simplicity in the use of closed solutions, assumptions 1 and 2 
are made in the investigation presented herein. 

The blade-temperature distribution Is sensitive to selection 
of the average inside heat-transfer coefficient, which in turn 
is dependent upon the passage configuration. For the nu- 
merical results to be given subsequently, the inside heat- 
transfer coefficient was determined by use of equation (4f) 
in reference 1 (p. 170): 

fc, =0.020 

\ / ih 

where the hydraulic diameter D h is given by 


(All symbols are defined in appendix A.) By neglecting 
changes in h t due to variations in n a and k a and incorporating 
the values of n„ and k tt in the constant, 


hi 


0.00288 

A e 


(Q°W - 8 


This form is used in the calculations. Here the total wetted 
perimeter l e and the total inside flow area A c vary with the 
coolant-passage configurations. 
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Calculations revealed that slight variations in effective gas 
temperature result in even smaller variations in the spanwise 
blade-temperature distributions. For large variations in 
effective gas temperature, assumption 3 can be removed and 
a general solution for the temperature distribution including 
a change in effective gas temperature can be obtained. 
Such a solution is given in a later section of this report. 


where 


G t = 

a i= 


hjlf 


Tb,u 

hilt 

&bI B. at T B,w 


BLADE-TEMPEBATUEE-DISTBIBOTION EQUATIONS 

Case I. — Case I includes cooling-air-temperature change 
due to heat transfer and rotation, radiation, and radial heat 
conduction. 

1. Insert blade . — A sketch of an air-cooled hollow blade 
with an insert is given in figure 2. The directions of heat 


, — Casing 



flow in a section of the blade are shown. A heat balance 
for this section is set up (appendix B), which reduces to 


T B . a , (T Stt —T B ) — 

hMT B -T a J+hMT B -T s ) 


( 1 ) 


if it is assumed that no temperature gradient exists in the 
insert. The following expression for the change in the 
cooling-air temperature is obtained by differentiation of the 
expression for T a , e obtainable from equation (1) (appendix B, 
equation (B2)): 


dT„, e 

dx 


1 d 3 T B , 1 
G 2 dx 3 ^G 2 


((ji-j-tra + ffs) 


dT B 

dx 


Gi 


bsL e -\-hJ.„ 

IbIb.iu T B.W 


A second expression for the change in cooling-air tempera- 
ture is obtained by adding the changes due to the heat trans- 
ferred by the blade and due to compression in the blade 
(appendix B): 


dTg,t hjlj rp II j (Jj /,) rj 1 | h jl x rrt , T ~\~ X) 

dx e„w a B Cyit'a a ’"~ i ~c p w C[ gjc f ' J 

Substitution of the value of T a , c , obtained by solving equa- 
tion (1), into equation (3) and equating the result to equa- 
tion (2) gives the blade-temperature-distribution equation 

d z T B . y. d-T B ~ „ dT B , 

~d^~ + Tl ~d^~^ +Gl+ G H7+ 

[j^+G^ ft + r ‘ ft ) r -+ « 

where 

l— c p w a 


For any chosen set of turbine operating conditions, the 
coefficients in all terms in equation (4) are constants, and 
equation (4) is a third-order ordinary linear differential 
equation with constant coefficients. The method of solution 
is standard. (See reference 2.) 

The general solution to equation (4) contains three inte- 
gration constants, and three boundary conditions are there- 
fore needed iD order to evaluate these constants. The 
boundary .conditions are obtained by assuming a blade-root 
cooling-air temperature, a blade-root metal temperature, 
and a vanishing metal-temperature gradient at the blade tip. 

2. Hollow blade . — Equation (4), as previously stated, was 
obtained for a blade with an insert; however, with slight 
alterations, it may also be applied to hollow blades and 
hollow blades with internal cooling fins. For a hollow blade, 
k , and l t vanish. As a result, the value of Y x is altered and 
G\ and the coefficient of T, vanish. The following equation 
to be used for a hollow blade results from the modification 
of equation (4) by these minor changes: 


d 3 T B 

dx 3 


b-ilj d 2 T B , p. dT B hjh 

Cj,w a dx 2 ' 2 * dx c p w a 


G,T b 


x ( f r ] hdt 

gJc P x KgJcp^ e,w a 


G S T^ 


(5) 


( 2 ) 
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3. Finned blade . — More extensive changes are necessary 
for application of equation (4) to a finned blade. In addition 
to the changes noted for a hollow blade, alterations are 
required in the area affected by conduction and in the inside 
heat-transfer coefficient in order to account for the effects 
of the fins. For radial conduction, the area l B ,ae T B,w is re- 
placed by l B , at r B , a +2L^ f F for a finned blade (provided the 
fins are attached to the rim), where L f is the effective fin 
width from blade wall to mean camber line, r f is the fin 
thickness, and F is the number of fins. 

For a finned blade, an inside heat-transfer coefficient based 
on the total heat-transfer surface area and on the blade-wall 
and fin temperatures can be obtained. It is convenient, 
however, to determine an over-all inside heat-transfer coeffi- 
cient for a finned blade based only on wall temperature and 
wall-surface area. The following relation, originally derived 
for finned flat plates (reference 3) and experimentally verified 
for finned flat plates and finned cylinders, is used: 


hi 

'm+Tf 


0 


2 tanh < j> f L f 
<t>r 


■ rrij 


( 6 ) 


where m is the average fin spacing and 



To summarize, when equation (4) is applied to a finned 
blade, the value of I 7 ) is altered, Gi and the coefficient of T, 
vanish, the values of <? 2 and G z are altered, and h t is replaced 
by hf, which is obtained as previously explained. The fol- 
lowing equation to be used for a finned blade results from 
the modification of equation (4) by these changes: 


where 


<ft b 

, hfk d*T B 

W+flV) 

dT B 

hfi 

dx 3 1 

C v W a dx 2 

dx 

CpW a 


JGd , 


hfU 

G t ’T t , 



{gJc/ A 

CpWa 


G7=^ 

Kit 




(7) 


and 


<?3‘ 


h N L e -\-h 0 l 0 


f B.w^r^Ff-r fF) 


(For fins not attached to the rim, G 2 ' and G% are replaced by 
Gi and G z .) 

Case II. — Case II includes cooling-air-temperature change 
due to heat transfer and rotation and radiation (neglects 
radial conduction). 

The parameter that measures the relative importance of 
conduction to the rim is (reference 4) 


r= 



h,do~\-hili 
k B ^B, a 


The spanwise blade-metal temperature distributions for 
certain air-cooled hollow blades that have been studied 
indicate that conduction to the rim is negligible beyond a 
point 0.8 inch from the rim. The value of f at this point is 
between 3 and 4. For the air-coolcd hollow blade of refer- 
ence 5, the value of f for negligible conduction to the rim is 3.4 
and occurs at a point 10 percent of the blade span from the 
root (0.4 in.). Equation (10) of reference 1 (p. 232) indi- 
cates that when f is equal to or greater than 4, the tempera- 
ture difference between the combustion gas and tho blade 
metal is changed less than 1.8 percent by conduction to the 
rim. Conduction can therefore be neglected for values of f 
equal to or greater than 3.5. 

1. Insert blade . — Wien radial conduction is neglected, the 
heat-balance equation (1) reduces to 


(AtfCTW.) (T tt e~ T B ) = h ( l { ( T B — T a . t )+h,lt (7'b — T,) (8) 

From equation (8) it is found that 


where 


"Then 


Tb hji 

YThik 


T. 


Il I, -j" h 0 ! 0 

Ht 


T,., 


( 9 ) 


-rr Hi 

2 hifL,-\-hJ. 0 -\-h l lr)-h,l t 


dT SiC 1 dT B 
dx Y 3 dx 


( 10 ) 


When equations (3) and (10) are equated and equation (9) 
is used, the following expression results: 



dTa \( 

T7- hdi 

\ 

\ T V4- 


dx 1 V 

J i 

CpW a 

J- a 

) 1b ~~ gJc p )s+ 

w 2 r . 


Y.T 4-/ 

'K 

V _L -UlNt’I V 

gJc p 

— k'lh 


\ht 

1 1 ' ; if ) l * 1 * 

CpV.\/ J 


( 11 ) 


For any chosen set of turbine operating conditions, equa- 
tion (11) reduces to a first-order linear differential equation 
with constant coefficients. The single integration constant 
may be evaluated from an assumed cooling-air temperature 
at the blade root. 

2. IIollow blade . — Equation (11) is applicable to hollow 
air-cooled blades when alterations in F, and F 2 are made; 
these alterations result from the vanishing of both h, and l,. 
The resulting equation for a hollow blade is 


dT B 

dx 


■— (i-Fir^4-: 

c p wF gJcp 




+ kj, 

CpW a 




where 


y / hjlj 

S hnfL e -\- h Q lo~\'hili 


( 12 ) 


3. Finned blades . — Equation (1 1) can be applied to a finned 
blade if, in addition to the alterations made for application 
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to a hollow blade, the inside. heat-transfer coefficient h f is 
used. For a finned blade, equation (11) becomes 


dT B 


h f U 


dx c p w, 

/ M-r r , K^Xjg~\~hJ. { 


where 


'.gJc P 


(1-17) T b = 

Tg.t 

h/lj 


C f W a 

17= 


M+ 

gJc t 


1 2 


(13) 


h .V L e 4" A 0 l 0 + A/f i 


Case IH. — Case III includes cooling-air-temperature 
change due to heat transfer and rotation (neglects radiation 
and radial conduction). 

Equation (11) is applicable if insert and nozzle radiation, 
in addition to radial conduction, are neglected. Calculations 
that are discussed in a later section of this report revealed 
that results obtained by use of equations (4) and (11) with 
radiation neglected agreed very closely; as a result of the 
greater simplicity, use of equation (11) is recommended 
when conditions permit. According to a previous investiga- 
tion, radiation effects may be neglected without sizable error 
for stator temperatures as high as 3000° F. Also, neglecting 
insert radiation results in no heat transfer between the insert 
and the cooling air. As a consequence, equation (3) reduces 
to 


dTa.e hill /rr* rfy ^ | M Ov + E) 
Ia - e)ir gJc , 

The heat-balance equation for this case is 

h»l„(T ti , — T B )=hili(T B 


(14) 


(IS) 


Equation (15) is solved for T a .» and dT a ,Jdx is obtained. 
This result is equated to equation (14) with the value of 
T,i , inserted. The result is 


dT B 


KqIo 


hgln 


dx e p ttv(l+>-) 

where 


CjW a (l+X) 


■, halo 

X ~M 1 


■sr.«T 


M*frr+g) 

gjcp( 1+X) 


(16) 


A solution of equation (16) is 




M% a (r r + ar) 
QtJh 0 l 0 




- Ci€ «J> W «0-+ X >- 


m 2 u’ s 2 c p (1+X) 

gJh 0 % 2 


(17) 


The integration constant can be evaluated by substitu- 
tion of equation (17) into equation (15) and application of the 
boundary condition 

T*,o=T a ' t , r 

when 

*=0 

It is found that 


G=- 


gJh 0 2 U 


gJhJo 


i+x 


The result of the substitution of this expression for <?i into 
equation (17) and of simplification leads to the nondimen- 
sional blade-temperature distribution 


1 b 


1 


T..— T, 


1+X 


( 1 kglab x \ 

, (l+X.C p IC a b J . 


?w.b 


gJhJo(T tr e — 7a. e, r) & 


f+ 


LmcS-rJ N^] 

(18) 

It is possible to remove the restriction that T t , e be 
constant and to solve equation (16j for the blade-metal 
temperature for a varying T*,«. A more general solution 
then results from equation (16) and is given as follows: 




T B =e c j>“ , « 0+x > 


halo 


c p w„(l + X) 




Khz 


eCpW.n+X; d x _ 


M s uv(r r +x) , c ttf + n M 2 w 0 2 Cp(l+X) 

gJKlo +c * e gJh.H, 1 


(19) 


The integration constant C\ can be evaluated in the same 
way that the value of the constant Gi in equation (17) is 
obtained. 

Case IV. — Case IV includes cooling-air-temperature change 
due to heat transfer from the blade only. 

In several numerical calculations, some of which are 
discussed in a later section, the predominant term in the 

j< 

evaluation of the temperature ratio T — is the expo- 

nential term, and the other two terms are of minor 
importance. This generalization is particularly true for 
finned blades, as is shown, because the insertion of fins into 
blades decreases the flow area and at the same time increases 
the beat-transfer surface area; an increased value of ht, 
hence a smaller value of X, and a greater predominance of 
the exponential term are thus obtained. For this reason, 
it is desirable to know the temperature-distribution equation, 
including the change in cooling-air temperature due to heat 
transfer from the blades only. 

The blade-temperature distribution for this case can be 
obtained by setting m= 0 in equation (18); that is, 


T*..~Tb _ 1 

Tk.-TUr l+x e v 


i M« 6 


1+X Ct 


r\ 

b ) 


( 20 ) 


Case V. — Case V includes the average cooling-air temper- 
ature. In several available correlation equations (reference 6) 
used for obtaining values of the inside heat-transfer 
coefficient, fluid properties are based on blade temperature. 
In order to obtain a first approximation of blade tempera- 
tures preparatory to the calculation of hi, it is desirable to 
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have as simple an equation for average blade temperature 
as possible. Equation (21), which follows, gives an aver- 
age blade temperature and is Well suited for this purpose. 

If an average cooling-air temperature is assumed, an 
average blade temperature for an air-cooled blade can be 
immediately determined by the solution of equation (15): 


T b 


T a , t 


,at-jr\T St 

1+X 


( 21 ) 


If each member of equation (21) is subtracted from T tiC , 
the following nondimensiopal equation is obtained: 


Tg,e — T B ,g o 

T e , t -T a , t .av 


• 1 

1+x 


- ( 22 ) 


COOLING- AIK REQUIREMENTS 

In order to determine the cooling-air requirements for 
the various blade configurations, the blade-temperature- 
distribution equations just presented in cases I to Y must be 
used and, in addition, calculation of allowable blade- 
temperature distributions must be possible. Allowable blade- 
temperature distributions, dependent on the kind of blade 
material and type of blade configuration considered, can be 
obtained from blade-stress calculations and blade-failure 
criterions. Centrifugal, bending, thermal, and vibratory 
stresses are all present in a turbine blade in operation. 
Rupture, creep, and endurance limits are the primary failure 
criterions. 

Present knowledge of the magnitudes and the concentra- 
tions of the various stresses in a blade and of the predominant 
blade-failure criterion is very limited; as a consequence, it 
is necessary for a general analysis to approximate the allow- 
able blade-temperature distribution in the best way possible. 

This approximation has consisted of the consideration of 
centrifugal stress and stress-rupture data only. Some allow- 
ance for stresses other than centrifugal is made possible by 
the introduction of a safety factor; one such safety factor 
is introduced if an allowable blade life in excess of that 
desired is assumed. For an. assumed blade material, con- 
figuration, allowable life, and tip speed, the allowable blade- 
temperature distribution lias been calculated in the following 
way: 

A radial stress distribution is obtained for the assumed 
blade configuration and tip speed. From a cross plot of 
available stress-rupture data for the assumed blade material 
and blade life and the calculated radial stress distribution 
through the blade, it is possible to determine the maximum 
permissible span wise temperature through the blade. 

If the actual and allowable blade-temperature distribu- 
tions for the same tip speed are obtained and plotted on the 
same coordinates, the maximum allowable effective gas 
temperature for this tip speed can be determined. This 
maximum is determined, when the actual blade-temperature- 
distribution curve has a point of tangency with the allowable- 
temperature curve (fig. 3). Blade stresses above the allow- 
able limit prevail in the section of a blade that corresponds 
to any region of overlapping of the actual and allovvable- 
blade-temperature curves. The curves may also be used to 


Blade temperature 

Allowable stress- 

limited blade 
temperature 



Figure 3— Method of determining limiting speed and critical blndo section from corves 
of temperature distribution and allowable stress-limited blade temperature. 


determine the maximum tip speed for a given calculated 
temperature distribution. 

If an effective gas temperature is assumed, blade- 
temperature distributions for various cooling-air ratios 
may be determined, and the distribution that matches the 
allowable blade-temperature distribution then determines the 
cooling-air requirement for the blade under consideration. 

NONDIMENSIONAL CHARTS 


Because the results of numerical calculations (such as the 
examples hereinafter presented) revealed that the effects of 
radial heat conduction are negligible except in the immedi- 
ate vicinity of the blade root and that the effects of neglecting 
both radial conduction and radiation, arc also small, no 
general solutions are obtained for the differential equations 
involving these quantities. The first general solution that is 
obtained for air cooling involves cooling-air-tempcraturo 
change due to heat transfer and rotation; tliis solution is 
given by 


T e.e T b 


1+X 
( 1 Mgj £_ 


f / 1 hfflgb t \ O ? 

_ — * & \i+vc^ w « b ) 


1-e 


e * "o ^ )] L" " hj t 


a‘W. 


gJh a l 0 {T ti .—T a , lir ) b 

"ipvw.Q + X) 


T+ 


(IS) 


For any given turbine and set of turbine operating condi- 
tions, the spamvise temperature distribution through the 
air-cooled blades may be determined by use of figure 4 and 



ANALYSIS OF SPANWISE TEMPERATURE DISTRIBUTION IN AIR-COOLED TURBINE BLADES 


759 


a simple calculation. Figure 4(a) serves to evaluate the first 
term in the right member of equation (18). For the given 
conditions, values of the outside and inside heat-transfer 
coefficients and values of the effective gas temperature and 
the effective cooling-air temperature at the blade root can be 


obtained. The abscissa in quadrant I represents 


h 0 l 0 b ' 

CnW a ’ 


and a 


family of curves for various values of xjb in quadrant I imme- 

hj a b x 

diately determines the values of — — -r> represented as the 

Op'lOd 0 

ordinate in quadrants I and II. A family of curves in quad- 


rant II for values of 


1+X 


determines values of 


hjgb x_ 1 
e r w a b l-f-X 


as the abscissa in quadrants II and III. The exponential 
curve in quadrant III determines the values of the exponen- 
tial function as the ordinates of quadrants III and. IV. 
Another family of curves (like those in quadrant II) for 

values of — t ^ Len determines, as the abscissa in quadrant 

IV, the value of the first term in the right member of 
equation (18). 



(a) Includes cooling-air-temperature change due to heat transfer but neglects rotation, radiation, and radial conduction. (A 21- by 22-in. print of this chart is available upon request 

from NACA.) 

FtonsE 4.— Chart for calculation of spanwise temperature distribution through air-cooled turbine blade. 
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(b) Includes eoollng-air-tempeiature change due to heat transfer and part of effect of rotation. (A 22- by 13-in. print of this chart is available upon request from NACA.) 

Fine re 4.— Concluded. 


Calculation of the third term in the right member of 
equation (18) can be made with figure 4(b) . For any desired 
blade position, the values of the exponential function were 
found as the ordinates in quadrant III of figure 4(a) . These 
values, subtracted from 1, form the abscissa in quadrant I 
of figure 4(b). A family of curves in quadrant I for various 


values of 


urw a 

gjh 0 l 0 (T gt o — T a , e, t) 


determines as the ordinate the 


values of 


L i - e ll+XCpM “ b) \ VgJhUT t , - T a , .. r )J 

Another family of curves, in quadrant II, for values of 
c p Wa(l +X) _^ determines, as the abscissa of quadrant II, the 

it qLq 

value of the third term in the right member of equation (18). 


The parameter 


urWg 

gJh B lo (T tf 4 — Ta, 5 , r) 


multiplied by the appro- 


priate value of x, then yields the value of the second term 
in the right member of equation (18). 

Combination of the three right-member contributions 
yields the deshed temperature ratio at any blade position, 
and several repetitions for different blade positions will 
result in the deshed blade-temperature distribution. 

If rotational effects are neglected, the right member of 
equation (18) reduces to the first term; that is, 


T t . 


1 


T t ' t —T a ,e,T 1+X 


/ 1 M.6 x \ 
g \l+\c p ic 0 6y 


( 20 ) 


and the temperature distribution through the air-cooled 
blade can be found by use:of figure 4(a). 

If in addition to neglecting effects of rotation, an average 
cooling-air temperature is considered, the temperature- 
distribution equation reduces to 

7g,ii~yg,a» 1 _ . . „ 

Tg, e — Ta, e ,at 1+X ' ^ 

For a given turbine and set. of turbine operating conditions, 


calculations of the heat-transfer coefficients and of the 
effective gas temperature and effective eooling-air temper- 
ature) at the blade root may be made. With these temper- 
atures, and the inner- and outer-blade perimeters, the do- 
shed temperature ratio can be determined from figure 5, 

y y 

which contains a plot of T t ' e _ rr B '"- against X. 

•*£.« J- 0,4,0* 



Figure. 5.— Chart for calculation of spanwbe temperature distribution through air oooled 
turbine blade for average cooling-air temperature. 



ANALYSIS OP SPANWISE TEMPERATURE DISTRIBUTION IN AIR-COOLED TURBINE BLADES 


761 


ILLUSTRATIVE EXAMPLES 

In order to illustrate the use of some of the analytical re- 
sults previously presented and to determine the magnitudes of 
some of the quantities contained in the analytical equations, 
several numerical results are given. A turbine blade was 
selected having an external shape similar to that of the rotor- 
root section of a conventional gas-turbine design (fig. 1). 
Numerical values used in the calculations are as follows : 


TURBINE-BLADE DIMENSIONS 

N umber of blades 54 

Blade height, b, ft 0. 333 

Blade outer perimeter, l„, ft 0. 385 

Blade inner perimeter, l ( , ft 0. 314 

Perimeter of insert, I„ ft 0.313 

Perimeter of cooling passages for finned blade, i CJ ft L 070 

External cross-sectional blade area, A B , sq ft 0. 00424 

Area of cooling-air passage, A c , sq ft 

Hollow blade ^ „ 0.00241 

Insert blade 0. 00100 

Finned blade. 0.00147 

Blade-tip radius, r T , ft L 083 

Blade-wall thickness, ij,„ ft 0. 005 

Effective blade width, L„ ft 0. 1065 

Effective fin width, L f , ft 0. 009 

Fin spacing, m, ft 0. 0035 

Fin thickness, t/, ft 0. 0017 

CONDITIONS FOR NUMERICAL EXAMPLE 
Hot-gas flow per blade, w t 

lb/hr 5260 

lb/sec — 5260/3600 

Cooling-air flow per blade, w a 

lb/hr coolant-flow ratioX5260 

lb/'see coolant-flow ratioX5260/3600 

Outside heat-transfer coefficient, h 0 

Btu/(hr) (°F) (sq ft) 198 

Btu/Csec) (°F) (sqft) 198/3600 

Cooling-air temperature at blade root, T a ,e. T , °F 400 

Effective hot-gas temperature, T g _ c , °F 1700-1900 

Average insert temperature, T„ °F 700 

Radiation coefficient from nozzle to blade wall for 
T 7 *,.— 1700° F, Av 

Btu/(hr) (°F) (sqft) 43 

Btu/(sec)(' , F) (sq ft) 43/3600 

Radiation coefficient from nozzle to blade wall for 
r t .„ = 1900° F, h. v 

Btu/Chr) (°F) (sq ft) 56 

Btu/(sec) (°F) (sq ft) 56/3600 

Radiation coefficient from blade wall to insert surface, h, 

Btu/(hr) (°F) (sq ft) 12 

Btu/{sec)(°F)(sq ft) - ; 12/3600 

Nozzle-surface emissivity 0. 95 

Insert-surface emissivity 0. 50 

Blade- wall emissivity at average 7^ = 1400° F 0. 90 

Rotative speed, radians/sec 1200 

Tip speed, u, ft/sec 1300 

Specific heat of cooling air, Btu/(lb)(°F) 0. 241 

Blade thermal conductivity, 

Btu/(hr)(°F)(ft) 12 

Btu/fsecl (°F) (ft) L 12/3600 


SOLUTION OF GENERAL CASE, CASE I 

The first temperature distribution obtained is for the insert 
blade and includes the cooling-air-temperature change due 
to heat transfer and rotation, radiation, and radial heat 
conduction; that- is, equation (4) is used. An effective gas 


temperature of 1900° F, a blade-root cooling-air temperature 
of 400° F, an average insert temperature of 700° F, and a 
ratio of coolant flow to gas flow (coolant-flow ratio) of 0.03 
are assumed. From the values given in the two preceding 
tables, the coefficients in the differential equation are deter- 
mined as follows: 


, 0.00288a t +Z < ) # - 2 u? e l> - s 

«I= 3 

■A: 

0.00288(0.3 14+0.3 13)°- 2 [(0.03)(5260)] 0 - 8 

0.00100 

= 151 Btu/(hr) (°F) (sq ft) 

= 151/3600 Btu/(sec) (°F) (sq ft) 

Y - 

1 c„w a 

151 (0.314+0.313)3600 
3600 (0.241) (158) 

=2.484 (ft)- 1 

n h t li 

F7 — 7 — 

n-BlB.asTB, w 

(3600) (12) (0.314) 

(3600) (12) (0.350) (0.005) 

= 179.4 (ft)* 2 


n _ Ai?i 

(Z2 = T— 7 

r B t u> 

(3600) (151) (0.314) 
(3600) (12) (0.350) (0.005) 

= 2258 (ft)" 2 


/~i A ,y + A (J 0 

«a — m 

A B^B. as T B,w 

[(56) (0.1065)+(198) (0.385)] 3600 
(3600) (12) (0.350) (0.005) 

= 3914 (ft)" 2 


6 r i+f?2+<7 3 =(179.4+2258+3914) = 6351 (ft)" 2 


hjlt 

e v w a 


(3600) (151) (0.314) 
(3600) (0.241) (158) 


= 1.245 (ft)" 1 


<?*=(!. 245) (2258)=2811 (ft)“ s 


Fi ((?!+ 6? 2 + <? 3 ) =(2.484) (6351)= 15,780 (ft)-* 

G % - F, ((?!+ ft + G 3 ) = 28 1 1 — 1 5 ,780 
= -12,970 (ft)" 3 


« 2 (?i (1200) 2 (2258) 

gJe p (32.2) (778) (0.241) 


538,500° F/(ft) 4 
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“ 2f?2 7 y=(538,500) (0.75)=403,900° F/(ft) s 


gJc v 


M. „ (3600) (151) (0.313) (2258) 

(0.241) (158) (3600) . ~ 2805 (ft) 


7, <7, =(2.484) (179.4)=445.8 (ft)“ 


YiGi) 7 S =(2805 +445.8) 700 

\CpWa / 

= 2,276,000° F/(ft}? 

F 1 (7 3 7;, e =(2.484) (3914) (1900)=1 8,480,000° F/(ft)» 
The differential equation (4) then becomes 

^1^+2.484^^-6351^— 12,9707 b 
=— 538,500a:— 21 ,T60, 000 (23) 


which may be rewritten as 

(Z? 3 +2.484 D 2 - 635 1 P-12,970) T B 
=— 538,500a;— 21,160,000 (24) 


where D denotes differentiation. The complete solution to 
this equation, which consists of two parts, is 

Tb— Cae _2 - 041 *+ (7 4 e 79 - 48l + C i e~ n -' 32x -\- 41.53a: + 1611 (25) 

In order to evaluate the integration constants C 3 , C it and 
C i} the following boundary conditions were applied: 


7b= 1200° F (assumed); a:=0 


dT B /dx=0; a;=0,333 ' 


r a ,,, r =400° F (assumed) ; a;=0 

The use "of the second boundary condition requires differ- 
entiation of equation (25). Use of the third boundary condi- 
tion requires the solution of equation (] ) for T a , e ,r (see 
appendix B, equation (B2)), which in turn requires knowl- 
edge of the second derivative of equation (25). From equa- 
tion (25), 


~5=-2„041 (7 e -2-°4u+79_48 C?«e 78 - 48j! -79.92 C r 6 e- 7, - 92i: +41.53 
dx 


and 


=4.168 Cze- 2Mlx +Q3l7 C^-^+eSSS C b e~ n -^ 
dx 1 


Application of the boundary conditions then yields the follow- 
ing three equations'for C t) C it and C 5 : 

1200=U 3 +C , 4+O 5 +1611 

0= — 1.034 U s + (248.1) (10 u ) C.t+41.53 

(2258) (400)=— (4.168 (7 S +6317 ft+6388 Q+6351 C 3 + 

6351 <7 4 +6351 <7 S + 10,230,000- 7, 562,000 . 

or 

Ci+Ct+C^-4,11 


-a+ (239.8) (10 l, )e 4 = —40.14 
a+(5.358) (10- 3 )U 4 - (5.830) (10^)C S = -278.1 
It was then found that 

C 3 = -278.9 
C t =- (1.330) (10- 11 ) 

C s = -132.1 
and hence, from equation (21) 

T b = -278.9 e" s - MU -1.330 (10~ ,f ) e nAS£ 

— 132.1. e'" 78,92t +41.53.r+1611 


Finally, by substitution of various values of x, the bladc- 
temperature distribution was determined as follows: 


X 

xlb 

Tb, C“F) 

0 

0 

1200 

.0107 

.05 

1307 

.0333 

.1 

1342 

.05 

.15 

1359 

.0606 

.2 

1370 

.133 

.4 

1404 

. 1998 

.8 

1434 

.2604 

.8 

1460 

.333 

1 

1479 


This temperature distribution is shown by the solid line 
(coolant-flow ratio, 0.03) in figure 6. Three other tempera- 
ture distributions are- also shown in figure 6 to illustrate the 



Figure 6.— Temperature distribution through air-cooled turbine blade with Insert includ- 
ing change in cooling-air temperature due to heat transfer and rotation, radiation, and 
radial conduction. Blade-root cooling-air temperature, 400° F; average insert temperature. 
700° F. 




ANALYSIS OF SPAN WISE TEMPERATURE DISTRIBUTION IN AIR-COOLED TURBINE BLADES 


763 


effect of a change in coolant-flow ratio and in effective gas 
temperature. The permissible-blade-temperature curves 
shown as the dashed curves were determined by cross-plotting 
stress-to-rupture data for S-816 for 1000-hour life and a 
calculated centrifugal-stress distribution through the blade. 

Results of similar calculations of temperature distributions 
for a hollow air-cooled blade are shown in figure 7. A com- 
parison of figures 6 and 7 shows that for an effective gas 
temperature of 1900° F the cooling-air requirement for the 
insert blade is only about one-fourth that for the hollo w blade 
in the cases considered. 

The effect of a change in blade-root temperature on the 
temperature distribution for the insert blade is shown in 
figure 8. It can be seen that no change in the temperature- 
distribution curve results beyond a value of xjb of about 0.23. 
Hence, beyond this point, radial conduction can be neglected 
with no error. In addition, even at the blade critical point, 
a change of less than 10° results from a change in blade-root 
temperature of 100° F. This value of 0.23 shown on figure 
S is in conformity with the previous discussion concerning the 
possibility of neglecting radial conduction when the parame- 
ter f exceeds 3.5. 




Blade position , ae/b 


Figure &— Effect on temperature distribution of change in blade-root temperature for insert blade. Effective gas temperature, 1900° F; blade-root cooling-air temperature, 400° F; average 

insert temperature, TOO 0 F; coolant-flow ratio, 0.03. 
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F tours 9— Effect on temperature distribution and coolant-flow ratio o £ neglecting radial heat conduction in insert blade. Effective gas temperature, 1900° F; blade-root oooiing-air tempera- 
ture, 400° F; average Insert temperature, 700° F. 


RESULTS OF SOLUTION OF CASE II 

The results of an investigation for case II, which includes 
cooling-air-temperature change due to heat transfer and ro- 
tation and radiation but which neglects radial conduction, 
is now given for the insert blade. For this investigation, 
equation (II), which is a first-order linear differential equa- 
tion that replaces the third-order equation (4) when conduc- 
tion is neglected, was applied. In figure 9, the temperature 
distribution, obtained when radial conduction, is neglected is 
compared with that when conduction is included. The result 
of neglecting radial conduction is to overestimate the blade 
temperature; hence, a slight increase in required coolant- 
flow ratio results. In addition, when radial conduction is 
neglected, the critical blade point is nearer the blade root. 

Because the result of neglecting radial conduction resulted 
in an overestimation of the blade temperature and because 
it was believed that the result of neglecting radiation would 
be to underestimate the blade temperature, an example is 
presented to show the result of neglecting both conduction 


and radiation. The results are shown in figure 10. Although 
the combined effects of neglecting both radiation and radial 
heat conduction result in a slight underestimation of the blade 
temperature, it was decided to use the simpler temperature- 
distribution equation (equation (18)) in further investiga- 
tions. It was this decision that led to the construction of 
the nondimensional charts showu in figures 4 and 5. 

SOLUTION OF CASE III BY USE OF CHARTS 

In order to illustrate the use of the nondimensional charts, 
which were constructed so as to yield the same temperature 
distribution as would be obtained by use of equation (18), a 
25-fin air-cooled blade is considered. The numerical values 
used in the calculations are given in the section entitled 
“Illustrative Examples;” an effective gas temperature of 
1900° F, a blade-root cooling-air temperature of 400° F, and 
a coolant-flow ratio of 0.03 are assumed. The inside heat- 
transfer coefficient h ( , involving the total internal surface 
area (fins and blade-wall areas), is determined in the usual 
manner from the following equation: 
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Fin use 10.— Effect on temperature distribution and coolant-flow ratio of neglecting radiation from stator blades to turbine-blade wall, radiation from inner blade wall to insert, and radial 
heat conduction in insert blade. Effective gas temperature, 1900" F; blade-root cooling-air temperature, 400" F; average insert temperature, 700" F. 


A < = °- - 0 ^ 88 &)“• W - 8 

=(0.00288)(728)°- 2 (107,300)°- s 

=(0.00288)(3.74)(10,600) 

= 114 Btu/(hr)(°Fj(sq ft) 

= 1 14/3 600 Btu/(sec)(°F)(sq ft) 

The over-all inside heat-transfer coefficient, based only on 
the inner blade surface area, is now calculated. The value 
of 


1 2 hi 

f—\l TTT 


/ 2(114)(3ft00)~~ /TT~200 = in6/m-i 

^ V 12(0.0017)(3600) A 11,200 106 ( ft > 

and the over-all coefficient h r is 

114 V2 tanh (106) (0,009) , “1 

(0.0035+0.0017) L 106 ‘ J 

_ 114 p(0.740) 1 

0.0052 L 106 +°- 0035 J 


"0.0052 


0.0052 


(0.0140 + 0.0035) 


0.0175 


is found to be 


=383 Btu/(hr) (°F) (sq ft) 
=383/3600 Btu/(sec)(°F)(sq ft) 
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The parameters necessary for application of the nondimen- 
sional chart are: 


* h 0 lo (198) (0.385) (3600) 
hfU (383) (0.3 14) (3600) 

tin the definition of A here, h f replaces hi.) 

1 1 =0.612 


1+X 1.634 

hplpb (198) (0.385) (0.333)13600) 


c p w a 


(0.241) (158) (3600) 

b-plp b 


= 0.667 


1+X C P W a 


0) 2 W a 


= (0.612) (0.6G7) = 0.409 
(1200)* (158) (3600) 


gJhdoiT^-T^r) (32.2) (778) (198) (0.385) (15 00) (3 600) 
0.0734 (ft)" 1 


(198) (0.385) 0-75 

=0. 845—0.750=0.065 (ft) 


The spamvise temperature distribution through the 25-fin 
blade is determined as follows: The value 0.667 is located as 
the abscissa in quadrant I of figure 4(a); a vertical line is 
constructed through this point intersecting the family of 
lines representing x/b. From each of these intersections, 
horizontal lines are drawn to intersect the quadrant II line 
representing 1/(1 +X) =0.612. A sample path is shown in 
figure 4(a). These intersections are then connected by 
vertical lines to quadrant III to the curve that gives the value 
of the exponential function as the ordinate. Horizontal 
lines from these exponential values to the line representing 
1/(1+A)=0.612 in quadrant IV yield the desired first term of 

/ 1 hplpb x\ 

equation ( 18 ) —JL.. e v+>> «,«>„&/, on the horizontal axis at 

the bottom quadrant IV. For the 25-fin blade, this first 
term representing the heat transferred by the blade was 
found to be 



forf 

0 

0.612 

0 

.560 

.2 

.615 

.4 

.476 

.6 

.440 

.8 

.405 

1.0 . 


The third term in equation (18) 


1 _ e "(iTxS ; 0l f 1 \ c p w a (1+X) I 

L MgJhplp h 0 lp M 


can now be determined from figure 4(b). The values of 
the abscissas in quadrant I are determined by subtracting 
from 1 the ordinate in quadrant III of figure 4(a) for the 
respective values of x/b. (This ordinate has just been deter- 
mined.) The parameter 


t^Wg 

gJhplp (T ti ,—Tp t e , r ) 

for this case is 0.0794 and intersections with this line by ver- 
tical lines through the previously determined abscissas locale 
the desired points in quadrant I. These points arc joined 
by horizontal lines to the line in quadrant II representing 
the parameter 


CpWa (1+X ) 
hjp 


— >7=0.065 


A sample path is shown on figure 4(b). The corresponding 
abscissas are the desired values, that is, the values of the 
third term in equation (18). In this particular case, these 
values are all less than 0.0018. 

The second term in equation (18) represents the effect of 
the centrifugal compression of the air and is obtained by 
multiplication of the parameter in quadrant I of figure 4(b) 
by the appropriate value of x. For the problem under con- 
sideration, the values of x are 0.333 times the value of x/b 
considered. For the example being considered, these values 
are less than 0.027. Insertion of the values just found into 
equation (18) results in 


X 

b 

1900- Ts 
1900-400 

& 

0 

0.612 

977 

.2 

.500-0.0053+0.0004 

1067 

.4 

.516- .0100+ . 0008 

1144 

.0 

.475- .0158+ .0011 

1210 

.8 

.440- .0211-}- .0014 

1270 

L0 

.405- .0265+ .0018 

1328 


This temperature distribution is shown as tho lower curve of 
figure 11. 

A similar calculation was made for the insert blade, under 
the same hypotheses as those used for the finned blade. The 
inside heat-transfer coefficient for the insert blade was al- 


ready found to be Btu/(sec) (°F) (sq ft). The values of 


the parameters 


b/plpb 


and 


co 2 w a b 


C P W a gJhJp(T t , e —Ta, t ,r) 


but because of the change in the value of h it 
X (X = 1.607) results. Therefore, 


are unchanged, 
a new value of 


1+X 


=0.384 
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_lhJob = ( 0>384 ) (o.667)=0.256 

1+X C p W a 

c,w«(l+X) _ (0.241) (158) (2.607) (3600) „ 

kj t rr (3600) (198) (0.385) . 

= 1.302-0.75 
=0.552 (ft) 

The use of figure 4 and the accompanying necessary simple 
calculation gave the following results for the insert blade: 


X 

b 

1900- Tb 
1900-100 

Tb 

C’F) 

0 

0.3S4 

1324 

.2 

. 365-0- 005-H). 002 

1358 

.4 

.347— -011-f- .004 

1390 

.6 

.330- .010+ .006- 

1420 

.8 

.313- .021+ .008 

1450 

1.0 

-297- .027+ .010 

14S0 


This temperature distribution is shown as the upper curve 
on figure 11; it is about 350° F higher at the blade root and 
150° F higher at the blade tip than the curve for the 25-fin 
blade. 

A comparison of these results with those for the finned 
blade shows that by decreasing the inside heat-transfer 


coefficient, an increase in blade temperature results; that is, 
the contribution from figure 4(a) decreases whereas that from 
figure 4(b) increases, but because the contribution of figure 
4(a) is predominating, increased temperatures result. 

DISCUSSION 

An equation is derived for calculating the spanwise blade- 
temperature distribution for an air-cooled hollow' blade with 
an insert when the heat transfer by convection, conduction, 
and radiation, and the heat of compression are considered. 
Modifications in this equation necessary for its application 
to hollow air-cooled blades and internally finned air-cooled 
blades are noted. Simplified equations are also obtained by 
neglecting, in turn, conduction; conduction and radiation; 
and conduction, radiation, and the heat of compression. 
Finally, a simplified equation giving an average metal tem- 
perature corresponding to an average air temperature is 
obtained. 

A comparison of temperature distributions, obtained for 
the most general case (case I), reveals that for the insert- 
blade considered the required coolant-flow ratio was only 
about one-fourth that required for the hollow blade. By 
use of the nondimensional charts for a simplified temperature 
equation for a fixed set of conditions, the temperatures in a 



Figcrk II.— Temperature distribution through insert and 25-fin air-cooled turbine blades, including only cooling-air-temperature change due to heat transfer and rotation. Effective gas 

temperature, 1900° F; blade-root cooling-air temperature, 400’ F; coolant-flow ratio, Q.o3, 

336646—51 50 



76S 


REPORT 994 — NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 


25-fin blade are also shown to be less than those in a blade 
with an insert by about 350° F at the blade root and about 
150° F at the blade tip. 

The result of an investigation of the effect of neglecting 
radial conduction (which results in reducing the order of the 
differential equation from tliree to one and lienee in simplify- 
ing the solution) on the temperature distribution through 
the insert blade shows that when conduction is neglected a 
slight overestimation of the blade temperature is obtained. 
By neglecting both radial conduction and radiation, however, 
a slight underestimation of the blade temperature results 
because of the counteracting influences of conduction and 
radiation on the temperature distributions. Because this 
result was found to be true for the large number of passages 
studied, it was determined that representative results could 
be obtained by use of the nondimensional charts. 

Temperature distributions through the insert blade and 
the 25-fin blade are determined by use of these charts. 
These distributions reveal that the term representing the 
heat transferred by the blade predominates. For the 
examples considered, this term is more than 10 times as 
large as the term representing the effect of centrifugal 
compression of the air. 

These results, although limited to a small range of shapes 
and temperatures, indicate that, at least for certain condi- 
tions, spamvise blade-temperature distributions may be very 
easily obtained by use of the greatly simplified equations 
or nondimensional charts. 


CONCLUDING REMARKS 

Spamvise temperature-distribution equations are derived 
for air-cooled hollow blades, air-cooled hollow blades with 
inserts, and internally finned air-cooled blades. The cooling- 
air-temperature changes due to heat transfer and rotation, 
radiation, and radial conduction arc initially considered, 
and are then omitted in turn. Simplified equations result 
from these omissions. One method is presented for obtaining 
an approximate stress-limited allowable blade-temperature 
distribution and the cooling-air requirements. 

Results of several numerical examples that are included 
indicate that the simplified equations give sufficiently 
accurate results for a wide range of configurations. In 
order to facilitate the obtaining of solutions for these simpli- 
fied cases, nondimensional charts are developed. By use 
of these charts, simplified solutions can he obtained with a 
minimum of calculation. Two numerical illustrations 
demonstrating the use of the nondimensional charts arc 
presented. 


Lewis Flight Propulsion Laboratory, 

National Advisory Committee for Aeronautics, 
Cleveland, Ohio, March 1, 1950. 



APPENDIX A 

SYMBOLS 


The following symbols are used in tie calculations and 
the figures: 


b 

1 I; 
C p 

D 

D„ 

F 

G 


Gi 

G t ' 

G 3 


9 

h 

J 

k 

L. 

L, 

l 

m 

Q 

Qx 

Q» 

Qs 

Q* 

r 

T 

*2* rt 


cross-sectional area, sq ft 
blade height or span, ft 
C s integration constants 

specific heat at constant pressure, Btu/(lb) (°F) 
operator denoting differentiation 
hydraulic diameter, ft 
number of fins 

mass velocity, lb/ (see) (sq ft) 
hj.i 


kJ 


B'BA* 1 " B.IO 

hJi 


(ft)' 

(It)' 


^E^BA’ T B,a 

hrk , 

b" nil B. <a T B, w~\~ 2LfT fF) 

b L e — p h.fj.0 /ti\~ 2 

r. j ^ ’ t 1 ™ 

bffL e ~ f~ hj„ — 2 

k b(}b, a«7"B r H, + 2i/7" fF) 

acceleration due to gravity, ft/sec 2 
heat-transfer coefficient, Btu/ (sec) (°F) (sq ft) 
mechanical equivalent of heat, 778 ft-lb/Btu 
thermal conductivity, Btu/ (sec) (°F) (ft) 
effective blade width, ft 
effective fin width, ft 
perimeter, ft 

average distance between fins, ft 
heat-flow rate, Btu/sec 
heat entering by conduction, Btu/sec 
heat leaving by conduction, Btu/sec 
heat entering by radiation from nozzles and by con- 
vection, Btu/sec 

heat leaving by radiation to insert and by con- 
vection, Btu/sec 
radius, ft 

static temperature, °F 
total temperature, °F 


u 

TT 

w 

x 


tip speed, ft/sec 

velocity of cooling air relative to blades, ft/sec 
weight-flow rate, Ib/sec 
distance from blade root to blade element, ft 
biilrrh) 


c B w a 


(ft)- 

kdi 


Y-r 


hxL t -\-K 0 l 0 -\-Kiit-\ 

htU 

hxLi-^-hJo-^hili 

hfh 

h.vL t + h 0 l 0 -\- hjU 


■hJi 


T 

4>r 
(a 

Subscripts: 
air 

average 


(r _ rr) 

Ui 

viscosity, lb/(sec) (ft) 
thickness, ft 

A® 

angular velocity, radians/sec 


a 

av 

B 

c 

e 

/ 

9 

i 

max 

N 

o 

r 

s 

T 

w 


blade 

coolant passage 

effective 

fin 

gas 

inside 

maximum 

nozzle 

outside 

blade root 

insert 

blade tip 

wall 


APPENDIX B 

ONE-DIMENSIONAL SPANWISE TEMPERATURE DISTRIBUTION FOR AIR-COOLED HOLLOW TURBINE BLADE WITH INSERT 


A heat balance for a small section of the blade height dx 
follows (fig. 2): 

/-l T. F d Tg 

V2 — KBt-B.atTB.V! 

Qz = Q i NL t -\-hJ,^(Tg ' t — T B )dx 


(See reference 3.) 

Qi=hili(T B — T„, t )dx+hMT B — T,)dx 

where 

Qi heat entering by conduction 
Q t heat leaving by conduction 

Qi heat entering by radiation from nozzles and by convection 
Qi heat leaving by radiation to insert and by convection 
and where TV, is the adiabatic temperature of the inner 
blade wall. 
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The heat balance requires 

$1 — Q,2 J rQ , i — $4=0 


which reduces to 


d 2 T B 


k bIb, av T B, at -fat 4 - (A AT i, + h 0 l 0 ) (Tg't, — Tb) = 
hiU(T B — 7a, c)-\~h s lt(T B — T s ) 


( 1 ) 


or 


d 2 T, 


3£#-«?i + G,+G)Tb+G,T„+GiT'+ G s T g , e = 0 (Bl) 


where 


G x - 


ftgli 


Gt 


Gr 


k B,w 
kjlj 

k B^B.av'r B,W 

hfj 7 jg | Jiolo * 
knlB.avTB, w 


The next step in the derivation of the desired temperature- 
distribution equation is the elimination of the quantity T a , e> 
which can be accomplished by solving equation (Bl) for 
T a , ei differentiating the resulting equation, and equating this 
derivative to the total rise in cooling-air temperature due 
to heat transferred by the blades and to the compression of 
the air in the blades by centrifugal force. The two expres- 
sions for dT a .,fdx are as follows: In the expression for 
dTaJdx, it is necessary also to remove T a , t by substituting 
its value obtained from equation (Bl). 


From equation (Bl), 

Tn.e-- 


klM+k («.+»•+ r.-| t,„ (B 2 ) 


Differentiation of equation (B2) gives 

dT a , 1 d 3 T B i 1 //7 | yy | rs dT B 

~sr~~zr t i^ + w a {Gi+Gi+0 ^~d7 


( 2 ) 


The total rise in cooling-air temperature relative to the 
blades is due to the heat transferred by the blades and to the 
compression of the air in the blades by centrifugal force. 
The temperature rise due to the heat transferred by the 
blades is 
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CpWcd T a , e =h iU(T B — T a , e )dx+h t l,(T t - T^dx 


or 


dTa, t kilt rr k{(ll ! Is) rn » kilt rn 

J A J5 him £t 0 I Jh f 

dx C„W a CpWa CpWa 


(B3) 


The temperature rise due to compression in the blade is 
obtained by assuming the small increment in effective 
temperature dT a , t equal to the small increment in cooling-air 
total temperature dT" a . Because the cooling-air total 
temperature is defined by 


T\=T a - 


W 1 


2 gJc p 


where W is the velocity of cooling air relative to the blade 
coolant passage, the temperature rise due to compression in 
the blade is 


dT a , e - 


i V dr 


gJc r 


or 


(B4) 


dT a , e ^(rr+x) 
dx gJc t 

where x is defined by the relation 

r=r r -f- x 


Thus, the total rise in cooling-air temperature is the sum of 
equations (B3) and (B4); that is, 

d Tg, e kjli rji h j(J j l rj, jtjkdt tji . w 0^ r~ b x) 

dx ~C P W a B CpW a “’^CpWa ‘ ‘ gJc p ' 

X 

Equating equations (2) and (3), substituting equation (B2) 
in equation (3), and simplifying lead to the desired equation 

d 3 T B . y d 2 T B p | A. dT B . 


where 


jk x ~ 

[p| r '+(r,». ff *+ ™) r -+ r.an.] «> 

y ki(li-\-l,) 

1_ CpWa 


REFERENCES 


1. McAdams, William H.: Heat Transmission. McGraw-Hill Book 

Co., Inc., 2d ed., 1942, pp. 170, 232. 

2. Kells, Lyman M.: Elementary Differential Equations. McGraw- 

Hill Book Co., Inc., 2d ed., 1935. 

3. Harper, D. R., 3d, and Brown, W. B.: Mathematical Equations for 

Heat Conduction in the Fins of Air-Cooled Engines. NACA 
Rep. 158, 1922. 

4. Brown, W. Byron, and Livingood, John N. B. : Cooling of Gas Tur- 

bines. Ill — Analysis of Rotor and Blade Temperatures in 
Liquid-Cooled Gas Turbines. NACA RM E7Bllc, 1947. 


5. Wolfenstein, Lincoln, Maxwell, Robert L., and McCarthy, John S.: 

Cooling of Gas Turbines. V — Effectiveness of Air Cooling of 
Hollow Blades. NACA RM E7Blle, 1947. 

6. Lowdermilk, Warren" G., and Grelc, Milton D.: Heat Transfer from 

High-Temperature Surfaces to Fluids. II— Correlation of IIcat- 
Transfer and Friction Data for Air Flowing in Inconel Tube with 
Rounded Entrance. NACA RM E8L03, 1949. 



